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A scale-invariant chiral effective Lagrangian is constructed for octet pions and a dilaton figuring as
Nambu-Goldstone bosons with vector mesons incorporated as hidden gauge fields. The Lagrangian
is built to the next-to-leading order in chiral-scale counting without baryon fields and then to leading
order including baryons. The resulting theory is hidden scale-symmetric and local symmetric. We
also discuss some possible applications of the present Lagrangian.
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I. INTRODUCTION
The lightest scalar boson with the quantum numbers
of vacuum in the strongly coupled theory has been an
extremely evasive object in both particle physics and nu-
clear physics [1]. In particle physics, the scalar listed in
the “particle physics booklet” as f0(500) defies a sim-
ple and acceptable identification in QCD variables and
a clear understanding of its role in a variety of hadronic
processes, in a stark contrast to other light-quark mesons
that are described as one-quark-one-antiquark systems.
In nuclear physics, the problem is a lot more striking in
a profound way [2]. This is the primary topic of this
work.
The important role of a light scalar meson has been
long recognized in the structure of nuclear forces and in
the unified description of both finite and infinite nuclear
systems. But what has been often invoked for nuclear
dynamics is a local scalar meson field and it has been a
long-standing puzzle how such a zero-width field makes
sense when the observed scalar has a large width. What
is perhaps a lot more striking is the series of recent obser-
vations that bear on the origin of the proton mass and the
state of matter at high density appropriate for the struc-
ture of massive compact stars. There are several indica-
tions in effective field theory models that combine hidden
global and local symmetries (more details below) that the
proton mass has a large component that remains non-
vanishing when the order parameter for chiral symmetry
in QCD 〈q¯q〉 is dialed to zero [3–6]. This is contrary to
the generally accepted paradigm for the source of mass in
the light-quark systems, namely, the Nambu mechanism
anchored on the spontaneous breaking of chiral symme-
try. This can be seen in a scale-invariant hidden local
symmetry model where parity-doubling is injected ab ini-
tio with a chiral-invariant baryon mass m0 when density
is increased so that the quark condensate 〈q¯q〉 goes to-
ward zero (in the chiral limit) [4]. But more intrigu-
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ingly, the parity-doubled state arises in a scale-invariant
hidden local symmetric meson Lagrangian when dense
matter is treated as skyrmion matter [5, 6]. Here there
is no ab initio chiral invariant mass in the Lagrangian.
However when density increases beyond a certain den-
sity n1/2 ∼ (2 − 3)n0 (where n0 is the normal nuclear
matter density), the skyrmions in the matter fraction-
ize to half-skyrmions and the baryon-number-1 complex
of half-skyrmions in the matter retains a sizable resid-
ual mass, comparable to the chiral invariant mass m0 in
the parity-doubling model, which remains non-vanishing
at high density. This is a phenomenon of an emergent
symmetry linked to a topology change in the skyrmion
model. Remarkably, this phenomenon is associated with
symmetries in nuclear dynamics at high density, includ-
ing possible emergence of scale invariance and local fla-
vor symmetry [7], both absent or hidden in QCD in the
vacuum, and hints at how the proton mass can be under-
stood.
In a recent article [8], a resolution of the above so-
called “scalar meson conundrums” in nuclear physics was
suggested to be found in the notion that the f0(500) is
a pseudo-Nambu-Goldstone boson (pNGB) arising from
the spontaneous breaking of scale invariance associated
with a possible existence of an infrared (IR) fixed point
in the running QCD coupling constant αs proposed in
[9]#1, intricately and inseparably combined with hidden
local symmetry for the light-quark vector mesons ρ and
ω [11, 12]. This scheme was then applied to the descrip-
tion of massive compact-star matter [13], in a compressed
density regime which is extremely difficult to access with
trustful nonperturbative tools, such as, e.g., lattice QCD.
This is the first in the series to quantify and go beyond
what was obtained in [8, 13] and address the above co-
nundrums in a more systematic way based on chiral-scale
#1 We should mention that there is an alternative approach that
involves an IR fixed point [10] in which the role of IR fixed point is
given in terms of a “critical” number of flavors/number of colors
nf = N
c
f
/Nc in what corresponds to the Veneziano limit. We
make a comparison between this approach and the C-T approach
that we adopt in this work in Appendix.
2perturbation theory with a Lagrangian that includes a
dilaton and hidden local vector fields, both with and
without baryons.
In a nutshell, the Crewther-Tunstall (hereafter referred
to as C-T) proposal is to suppose that there is an IR fixed
point at which the trace of the energy-momentum tensor
(TEMT for short) θµµ vanishes in the chiral limit
θµµ =
β(αs)
4αs
GaµνG
aµν + (1 + γm(αs))
∑
q=u,d,s
mq q¯q → 0
with both chiral symmetry and scale symmetry sponta-
neously broken. The scalar f0(500) is then identified as a
Nambu-Goldstone boson, denoted as σ #2, arising from
the spontaneously broken scale symmetry, its mass com-
ing from the explicit breaking due to the quark mass
and the departure of the gauge coupling αs from the IR
fixed point αIR (at which the beta function vanishes).
The dilaton is to join the pseudo-scalar pseudo-Numbu-
Goldstone bosons (pNBs) pi, η andK to form a pNB mul-
tiplet. The power of this approach is to capture by tree
order in chiral-scale perturbation expansion (to be de-
scribed below) certain effects involving scalar excitations
that are given at high orders in the standard chiral per-
turbation approach without the dilaton. This applies
not only to the properties of elementary interactions as
stressed in [9], but more significantly in nuclear processes
as discussed in [8, 13]. Given the mass scale involved
for the σ comparable to that of kaons, it calls for three
flavors extending the standard three-flavor chiral pertur-
bation theory χPT3 to χPTσ [9] (hereafter called C-T
approach).
Whether or not the IR fixed point exists for three-flavor
QCD in the matter-free space is not yet established and
remains highly controversial. On the one hand, there
are no lattice indications or compelling theoretical argu-
ments for the existence of IR fixed points for Nf ∼< 8.
There are also arguments based on low–energy theorems
that the notion of f0(500) as a NG boson for scale sym-
metry is not tenable for QCD in the vacuum although it
cannot be ruled out in medium [12]. On the other hand,
none of the presently available lattice calculations can be
taken as an unambiguous no-go theorem [15]. Although
not quite compelling, there is even a tentative support
from a stochastic numerical perturbation calculation in
Pade´ approximant that indicates an IR fixed point for
two-massless flavor quarks [16]. What seems to be rele-
vant to the issue at hand is the observation that in some
strongly coupled theories such as in walking technicolor
#2 Not to be confused with the fourth component of the chiral four-
vector (−→pi , σ) in the two-flavor linear sigma model. In this paper
it’s a chiral singlet. In chiral perturbation theory anchored on
nonlinear sigma model, the effect of the iso-singlet sigma at low
energy can be simulated by high-order loop effects [14]. We do
not go into the issue of how to reconcile the standard high-order
chiral loop effects and the low-order scale-chiral effects, which
would require an involved work.
theories, there is a support for it in lattice simulations for
large Nf [17]. In such walking theories, a dilatonic chiral
perturbation theory for light Higgs boson similar to what
we discuss in the present work has been formulated [18]
although the IR fixed point here involves a conformal
window which lies at much higher Nf . Now the recent
proposal for an IR fixed point by [10] exploits for QCD
the approach to a conformal window of the type figuring
in dilatonic Higgs theory [18].
What interests us, which may not be crucially tied to
the precise notion of IR fixed point in the real world of
broken symmetries with masses, is the possibility that
such an IR fixed point even if hidden in the vacuum can
be generated, as suggested in [8, 13], as an emergent sym-
metry in dense matter [7, 19, 20]. This is similar to the
issue of restoring of UA(1) symmetry at high temperature
even though the axial anomaly cannot be turned off [21].
It is also similar to hidden local symmetry with the vector
manifestation (VM) with the vanishing ρ mass [11]. The
VM is not in QCD in the vacuum, but there is nothing
to prevent it from emerging in dense/hot matter.
The application of the C-T theory to dense baryonic
matter was made in [8, 13] in the spirit of mean-field ap-
proximations with a scale-chiral Lagrangian implemented
with hidden local fields, with the quantum effects treated
in Wilsonian RG decimation approach. To confront with
Nature both in finite nuclei and in infinite nuclear matter,
however, a systematic scale-chiral perturbation is manda-
tory. This has been seen in nuclear processes where the
scalar did not figure importantly, for which the standard
chiral perturbation approach at high order met with an
impressive success. For a review on this aspect, see [22].
The power of the C-T theory is that this can be done also
with the dilaton incorporated in hidden local symmetry.
As the first step toward that goal, we formulate in this
paper the chiral-scale perturbation theory up to the next-
to-leading order (NLO) for mesons and the heavy baryon
expansion of the scale invariant chiral perturbation the-
ory for baryons including the lightest scalar meson f(500)
by using C-T approach [9]. We also compare the C-T ap-
proach to the alternative approach proposed in Ref. [10]
(hereafter, called G-S approach). The Lagrangian con-
structed here involving three flavors will be very useful
also for consistently treating strangeness in compact-star
matter, a problem that has defied theorists’ efforts since
many years.
This paper is organized as follows: In Sec. II, we con-
struct the scale-invariant chiral perturbation theory up
to the NLO in chiral-scale counting. The typical features
of the C-T approach are discussed. The scale-invariant
effective theory of vector mesons based on hidden local
symmetry is constructed to the NLO in Sec. III. We then
turn to scale-invariant chiral effective theory of baryons
and discuss the heavy-baryon expansion in Sec. IV. A
comparison between the C-T approach and the G-S ap-
proach is given in Appendix.
3II. CHIRAL-SCALE PERTURBATION THEORY
χPTσ
In Ref. [9], χPTσ was explicitly given at the leading
order in the chiral-scale counting (to be defined precisely
below) and the procedure to go to the NLO in the meson
sector was also discussed. The procedure of the construc-
tion of χPTσ is as follows : Since in χPTσ, the NGBs
are pi,K and σ, one first writes down all possible deriva-
tive terms acting on these particles and counting each
derivative as chiral-scale order O(p). In the same way
as in the standard χPT (sχPT), the current quark mass
is counted as chiral-scale order O(p2). Moreover, since
the theory is constructed for αs below but near the IR
fixed point, one should expand the beta function β(αs)
and the quark mass anomalous dimension γm(αs) around
the IR fixed point αIR and counting ∆αs = αs − αIR as
chiral-scale order O(p2) since it is proportional to m2σ.
We find it more convenient to construct the Lagrangian
in terms of the conformal compensator χ which has a
mass dimension-one and, under scale transformation x→
λ−1x, transforms linearly as
χ(x)→ λχ(λ−1x). (1)
Under chiral transformation SU(3)L × SU(3)R, χ is in-
variant. Then, in terms of the NGB σ, the dilaton com-
pensator χ is written as
χ(x) = fσe
σ/fσ , (2)
where fσ is the σ decay constant and, under scale trans-
formation, σ field transforms nonlinearly as
σ(x)→ σ(λ−1x) + fσ lnλ. (3)
For the NGBs associated with the spontaneous breaking
of chiral symmetry, we use the scale-and-mass dimension
zero U(x) with
U(x) = e2ipiaTa/fpi , (4)
where Ta = λa/2 with λa being the Gell-Mann matrices.
Under chiral transformation,
U(x)→ gLU(x)g†R (5)
where gL,R ∈ SU(3)L,R and under scale transformation,
U(x)→ U(λ−1x). (6)
A. χPTσ at the leading order
Using the conformal compensator field given above, we
write the effective Lagrangian, valid to the leading chiral-
scale order O(p2), as given by Crewther and Tunstall [9]
LLOχPTσ = Ld=4χPTσ ;inv + Ld>4χPTσ ;anom + Ld<4χPTσ ;mass, (7)
with
Ld=4inv,LO = c1
f2pi
4
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
+
1
2
c2∂µχ∂
µχ+ c3
(
χ
fσ
)4
, (8a)
Ld>4anom,LO = (1− c1)
f2pi
4
(
χ
fσ
)2+β′
Tr
(
∂µU∂
µU †
)
+
1
2
(1− c2)
(
χ
fσ
)β′
∂µχ∂
µχ
+ c4
(
χ
fσ
)4+β′
, (8b)
Ld<4mass,LO =
f2pi
4
(
χ
fσ
)3−γm
Tr
(M†U + U †M) , (8c)
where M is the current quark matrix with M =
diag(m2pi,m
2
pi, 2m
2
K − m2pi), ci’s are unknown constants
of scale-chiral order O(p0) for i = 1, 2 and O(p2) for
i = 3, 4 but mass dimension-zero for i = 1, 2 and mass
dimension-four for i = 3, 4. It is important to note that
the coefficients c3 and c4 are both implicitly O(p
2) in
chiral-scale counting. This is because they figure in giv-
ing mass to the dilaton similarly to M for the pseudo-
scalar NG mesons. However differently from M, setting
to zero of which corresponds to turning off explicit chiral
symmetry breaking, i.e., going to the chiral limit, setting
c3 = 0 only does not turn off the explicit scale symmetry
breaking: It is β′ → 0 that does the job. This difference
should be kept in mind in keeping track of chiral-scale or-
der and explicit symmetry breaking for the dilaton. We
will return to this matter at the end of this subsection.
In (7), both the anomalous dimension γm of the quark
mass and β′ = ∂β(αs)/∂αs are evaluated at the IR fixed
point αIR. Eq. (8a) is the invariant term under scale
transformation. (8c) is the current quark mass term in-
cluding the anomalous dimension of quark mass oper-
ator. Eq.(8b) accounts for the effect of the anomalous
dimension of G2 which depends on the slope of the beta
function.
Let us briefly review the structure of the LO La-
grangian (7). Consider the (matter-free) vacuum in the
chiral limit. In this case, since the vacuum should be
stable in the σ = 0 direction, or, equivalently, χ = fσ,
one has
4c3 + (4 + β
′)c4 = 0. (9)
The nontrivial solution of this equation with the lower-
bound dilaton potential is
c3 = (4 + β
′)c; c4 = − 4c, (10)
with a positive c ∼ O(p2). By using this solution, the
dilaton potential becomes
V (χ) = − (4 + β′)c
(
χ
fσ
)4
+ 4c
(
χ
fσ
)4+β′
, (11)
which explicitly shows that, with β′ 6= 0, the dilaton
potential is in the Nambu-Goldstone mode, i.e., the min-
ima of the potential appears at 〈χ〉 = fσ. However, if
4β′ = 0, V (χ) = 0 so the scale symmetry cannot be bro-
ken. This simple observation illustrates that the sponta-
neous breaking of scale symmetry and explicit breaking
of scale symmetry are correlated and the spontaneous
breaking is triggered by explicit breaking which agrees
with that unlike chiral symmetry, spontaneous breaking
of scale symmetry cannot take place in the absence of ex-
plicit symmetry breaking [23]. This implies that it is not
possible to “sit on” the IR fixed point with both scale and
chiral symmetries spontaneously broken. This is anal-
ogous to that one cannot “sit” on the VM fixed point
in hidden local symmetry (HLS) theory [11]. In what
follows, we shall therefore always consider the state of
matter near but not on the IR fixed point.
In the case that β′(αIR) is a small quantity, i.e.,
β′(αIR) ≪ 1, the potential (11) can be expanded to the
leading order in β′ #3
V (χ) =
m2σf
2
σ
4
(
χ
fσ
)4 [
ln
(
χ
fσ
)
− 1
4
]
, (12)
which is the familiar Coleman-Weinberg type potential
used in the literature [25]. In the derivation of (12), we
have used that, in the chiral limit, m2σf
2
σ = 4β
′(4+β′)c ≃
16β′c for a small β′, which, with β′c ∼ O(p2), is the
dilaton analog to the Gell-Mann-Oakes-Renner relation
for the pion with m2pi ∼ O(p2) [9].
Moreover, when β′(αIR) is a small parameter, in the
chiral limit, one can rewrite the sum of Ld=4inv,LO and
Ld>4anom,LO as
LχlimitLO = Ld=4inv,LO + Ld>4anom,LO
=
f2pi
4
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
+
1
2
∂µχ∂
µχ
+
[
(1− c1)f
2
pi
4
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
+ (1 − c2)1
2
(
χ
fσ
)2
∂µχ∂
µχ
] ∞∑
n=1
(β′Σ)n ,
+c3
(
χ
fσ
)4 [
1 +
c4
c3
∞∑
n=1
(β′Σ)n
]
, (13)
where Σ = ln(χ/fσ) = σ/fσ. The Lagrangian LχlimitLO
explicitly shows the effect of β′ which accounts for the
explicit breaking of scale symmetry in the chiral limit.
#3 Here and in what follows, we are assuming that β′ can be taken
as a “small” parameter that can be used in expansion. There is,
however, an intriguing indication [24] from dense baryonic matter
simulated as skyrmions on a crystal lattice that β′ ∼ (2 − 3).
Obtained in a highly correlated baryonic matter, it may not be
taken as a QCD quantity in the matter-free vacuum. However it
could indicate that a naive expansion may not be valid in χPTσ
applied to dense matter.
When scale symmetry is restored by setting β′ = 0 #4,
the surviving terms are scale invariant.
Next, we consider the infinitesimal scale transforma-
tion x → λ−1x ≡ (1 + θ)−1x with θ being an infinitesi-
mal parameter. Under such transformation, the fields in
Lagrangian (7) transform as
δθU(x) = θxµ∂
µU(x),
δθχ(x) = θ (1 + xµ∂
µ)χ(x). (14)
From these transformation rules, one can derive the fol-
lowing partially conserved dilatation current (PCDC) re-
lation
〈
θµµ
〉
= 〈∂µDµ〉 = 4β′c = m
2
σf
2
σ
4
, (15)
which, in analogy to PCAC, is partially conserved dilata-
tion current (PCDC).
Let us pause briefly to make a side remark highly perti-
nent to the future application to nuclear physics of what
we shall develop below. In a medium of baryonic matter
as discussed in [8, 13], the vacuum is modified by density.
Hence we expect that the decay constant of σ deviates
from its vacuum value, i.e., f∗σ 6= fσ = 〈χ〉. In [8], it
was argued that f∗pi = fpi〈χ〉, which is consistent with the
suggestion of [9] that chiral symmetry breaking is locked
to scale symmetry fpi ≈ fσ.
At the tree order with the Lagrangian (7), apart
from the phenomenological values of masses and con-
stants, there are seven parameters fσ, β
′, γm and ci(i =
1, · · · , 4). The σ meson decay constant fσ is roughly
estimated to be 100 MeV in Ref. [9]. Through the min-
imal condition of the potential and the mass of σ, two
relations among β′, γm, c3 and c4 can be established. By
using the σ → pipi decay width, one can obtain a rela-
tion among β′, γm and c1. Consequently, we are left with
three unknown constants, for example, β′, γm and c2 re-
lating to multi-σ interaction. It should be feasible to fix
these parameters by a comprehensive analysis of hadron
and nuclear phenomena that involve the scalar effect in
the nucleon-nucleon interactions.
B. χPTσ at the-next-to-leading order
To the leading order, both β′ and γm are evaluated at
the IR fixed point αIR which are the leading order terms
in the expansions of these functions around ∆αs. There-
fore, the NLO Lagrangian includes, in addition to the
higher chiral-scale order corrections due to the current
quark mass and derivatives on the NGBs, the leading
terms in the expansion of β′ and γm in ∆αs. Take for
#4 Probably this statement makes sense only as a formal mathe-
matical argument but cannot be done in QCD in the vacuum
since there is no sense Wigner mode can be realized with scale
symmetry.
5instance the anomalous dimension of the mass operator.
After expanding γm with respect to αIR, one should make
the following substitution:
χγm(αIR) → χγm(αIR)
[
1 +
∞∑
n=1
Cn (∆αsΣ)
n
]
,
(16)
where Cn are constants evaluated at αIR. And the same
applies to χβ
′(αIR).
In the C-T approach, from the σ-to-vacuum matrix
element of the divergence of the dilatation current, one
can conclude the power counting
∆αs ∼ O(p2). (17)
Therefore, in the effective theory, in terms of the de-
grees of freedom considered in the present section, the
effect of ∆αs is represented by the following chiral-scale
dimension-two chiral invariant operators:
Tr
(
∂νU∂
νU †
)
; ∂νχ∂
νχ; Tr
(M†U + U †M) . (18)
Since the LO terms are already chiral and Lorentz invari-
ant, the terms listed above responsible for ∆αs should
be chiral and Lorentz invariant. In addition, because
of the factor Σ in the expansion (16), each contribution
from (18) is accompanied by a σ field.
It should be noted that, even though in the expan-
sion (16), the term proportional to Σ includes only one
unknown parameter combination C1∆αs in the micro-
scopic theory, in the effective theory expressed in terms
of the macroscopic degrees of freedom, the contribution
of C1∆αs is expressed in terms of a combination of the
quantities in (18) and there is, in front of each term, an
unknown low-energy constant that cannot be fixed by us-
ing only the symmetry argument. We should emphasize
that the contribution from all the quantities in Eq. (18)
get smaller as the coupling constant αs runs nonpertur-
batively closer to the IR fixed point and vanishes at the
IR fixed point. This is because, for on-shell processes, the
effect of the derivative on the NGBs translates into the
momentum of the external NGBs, therefore the mass of
the NGBs, which goes toward zero as the IR fixed point
is approached.
Based on what is stated above, one can straightfor-
wardly write down the NLO Lagrangian LNLOχPTσ . It in-
cludes two sectors: one, LLO×∆αsχPTσ , from the ∆αs ex-
pansion of the leading order Lagrangian LLO;d>4χPTσ and
LLO;d<4χPTσ and the other one, L
O(p4)
χPTσ
, from the O(p4) of
counting from the standard effective theory construction:
LNLOχPTσ = LLO×∆αsχPTσ + L
O(p4)
χPTσ
. (19)
For LLO×∆αsχPTσ , one can write it as
LLO×∆αsχPTσ =
[
(1− c1)f
2
pi
4
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
+
1
2
(1 − c2)∂µχ∂µχ+ c4
(
χ
fσ
)4](
χ
fσ
)β′
Σ
×
[
D1Tr
(
∂νU∂
νU †
)
+D2 ∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)
+D3
(
χ
fσ
)1−γm
Tr
(M†U + U †M)
]
+Tr
(M†U + U †M)( χ
fσ
)3−γm
Σ
×
[
D4Tr
(
∂νU∂
νU †
)
+D5 ∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)
+D6
(
χ
fσ
)1−γm
Tr
(M†U + U †M)
]
. (20)
Note that the Lagrangian (20), due to the factor
ln(χ/fσ), does not transform homogeneously under scale
transformation. This Lagrangian serves as renormaliza-
tion counter terms in the loop expansion of χPTσ [9].
This term vanishes when the explicit breaking of scale
symmetry is absent. Unlike chiral symmetry, it cannot
be “mechanically” turned off by, say, dialling β′ to zero in
the Lagrangian (20). When the explicit symmetry break-
ing is absent, it amounts to setting Σ = ln(χ/fσ) to zero,
a feature that indicates that scale symmetry cannot be
spontaneously broken in the absence of explicit symme-
try breaking. This reflects the unfamiliar separation of
roles for the chiral order counting in the coefficients c3,4
and for the explicit symmetry breaking in β′ that carries
no order counting. It is easier to see the effect of β′ if
we go back to the Lagrangian (13) which explicitly shows
that, when the scale symmetry is restored with β′ = 0,
what’s left are scale-invariant, so LLO×∆αsχPTσ is no longer
present.
As for LO(p4)χPTσ , similarly to the LO, it can be di-
vided into the scale-invariant term LO(p4);d=4χPTσ ;inv , the trace
anomaly term LO(p4);d>4χPTσ;anom and the explicit chiral symme-
try breaking term LO(p4);d<4χPTσ;mass. That is
LO(p4)χPTσ = L
O(p4);d=4
χPTσ ;inv
+ LO(p4);d>4χPTσ ;anom + L
O(p4);d<4
χPTσ;mass
,(21)
where
6LO(p4);d=4χPTσ ;inv = L1
[
Tr
(
∂µU
†∂µU
)]2
+ L2Tr
(
∂µU
†∂νU
)
Tr
(
∂µU †∂νU
)
+ L3Tr
(
∂µU
†∂µU∂νU †∂νU
)
+ J1∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)
Tr
(
∂µU∂
µU †
)
+ J2∂µ
(
χ
fσ
)
∂ν
(
χ
fσ
)
Tr
(
∂νU∂
µU †
)
+ J3∂µ
(
χ
fσ
)
∂µ
(
χ
fσ
)
∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)
, (22a)
LO(p4);d>4χPTσ ;anom =
{
(1− L1)
[
Tr
(
∂µU
†∂µU
)]2
+ (1− L2)Tr
(
∂µU
†∂νU
)
Tr
(
∂µU †∂νU
)
+ (1− L3) Tr
(
∂µU
†∂µU∂νU †∂νU
)
+ (1− J1) ∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)
Tr
(
∂µU∂
µU †
)
+ (1− J2) ∂µ
(
χ
fσ
)
∂ν
(
χ
fσ
)
Tr
(
∂νU∂
µU †
)
+ (1− J3) ∂µ
(
χ
fσ
)
∂µ
(
χ
fσ
)
∂ν
(
χ
fσ
)
∂ν
(
χ
fσ
)}(
χ
fσ
)β′
, (22b)
LO(p4);d<4χPTσ;mass = L4
(
χ
fσ
)1−γm
Tr
(
∂µU
†∂µU
)
Tr
(M†U + U †M)+ L5
(
χ
fσ
)1−γm
Tr
[
∂µU
†∂µU
(M†U + U †M)]
+ L6
(
χ
fσ
)2(3−γm) [
Tr
(M†U + U †M)]2 + L7
(
χ
fσ
)2(3−γm) [
Tr
(M†U − U †M)]2
+ L8
(
χ
fσ
)2(3−γm)
Tr
(M†UM†U + U †MU †M)+H2
(
χ
fσ
)2(3−γm)
Tr
(M†M)
+ J4
(
χ
fσ
)1−γm
∂µ
(
χ
fσ
)
∂µ
(
χ
fσ
)
Tr
(M†U + U †M) . (22c)
For β′ ≪ 1 that we assume, χβ′ can be expanded and
only the leading term will need to be taken for applica-
tions to nuclear physics.
In the construction given above, we did not include
the external fields needed for the electroweak processes.
This can be done by suitably gauging the global chiral
symmetry
∂µU → DµU = ∂µU − iLµU + iURµ, (23)
where Lµ and Rµ are the gauge fields of the left- and
right-handed chiral transformations, respectively. And,
if we are only interested in the electromagnetic force we
can choose Vµ = Lµ+Rµ = −2eQAµ,Aµ = Lµ−Rµ = 0
with Q = diag(2/3,−1/3,−1/3) being the quark charge
matrix. In the C-T theory, the chiral counting for the
external fields is the same as that in sχPT.
Before closing this subsection, we list the low energy
constants of χPTσ at NLO. In Lagrangian (19), the
low energy constants Li(i = 1, · · · , 8) and H2 take the
same values as that in χPT3 since, when the dilaton
field is switched-off, χ = 〈χ〉 = fσ. In addition to
Li(i = 1, · · · , 8) and H2, we have twelve more param-
eters Di(i = 1, · · · , 8) and Ji(i = 1, · · · , 4).
III. SCALE-INVARIANT HIDDEN LOCAL
SYMMETRY: HLSσ
We next extend the above discussion of χPTσ to chiral
effective theory including the lowest-lying vector mesons
via the hidden local symmetry strategy [11, 26, 27],
HLSσ. Here we use the conformal compensator in the
HLS Lagrangian of [11] to make it gauge equivalent
to χPTσ after integrating out the vector mesons. We
are employing [SU(3)]HLS for the hidden local symme-
try. The extension to other HLS, such as [U(3)]HLS or
[SU(3)× U(1)]HLS, is straightforward.
In HLS, we decompose the field U(x) as
U(x) = ξ†L(x)ξR(x). (24)
Due to the redundancy in this decomposition, one can
implement a gauge symmetry Hlocal by requiring that
ξL,R have the transformation
ξL,R(x) 7→ ξ′L,R(x) = h(x)ξL,R(x)g†L,R, (25)
where h(x) ∈ Hlocal.
Corresponding to the HLS gauge symmetry [SU(3)]HLS
one can introduce the gauge field Vµ(x) that transforms
as
Vµ(x)→ Vµ(x)′ = h(x)Vµ(x)h†(x) − i∂µh(x) · h†(x),
where, now, h(x) ∈ [SU(3)]HLS. With the chiral fields
ξL,R and the hidden gauge bosons Vµ one can define the
7following two Maurer-Cartan 1-forms:
αˆ‖µ =
1
2i
(DµξR · ξ†R +DµξL · ξ†L),
αˆ⊥µ =
1
2i
(DµξR · ξ†R −DµξL · ξ†L) , (26)
where the covariant derivative is defined as DµξR,L =
(∂µ − iVµ)ξR,L. Both of these quantities transform as
aˆµ‖,⊥ → h(x)aˆµ‖,⊥h(x)†. For the gauge field Vµ we have
the field strength tensor
Vµν(x) = ∂µVν(x) − ∂νVµ(x) − i[Vµ(x), Vν (x)], (27)
with the transformation property Vµν(x) →
h(x)Vµν (x)h(x)
†.
The HLS Lagrangian are constructed in terms of the
independent quantities
αˆ‖µ, αˆ‖µ,
1
g
Vµν , Mˆ, (28)
where g is the gauge coupling constant of HLS and Mˆ ≡
ξLMξ†R transforming under HLS as Mˆ → h(x)Mˆh†(x)..
In this equation, all the quantities are O(p) of the chiral
counting.
Now to generate the masses of the gauge bosons, we
use the Higgs mechanism taking the unitary gauge
ξ†L = ξR ≡ ξ = eipi/fpi . (29)
After the gauge fixing, the massive vector meson fields
are assigned to the HLS through
Vµ =
g√
2


1√
2
(ρ0µ + ωµ) ρ
+
µ K
∗,+
µ
ρ−µ − 1√2 (ρ0µ − ωµ) K∗,0µ
K∗,−µ K¯
∗,0
µ φµ

 .(30)
It is easy to incorporate the dilaton in HLS and ob-
tain HLSσ. As in the χPTσ case, the leading-order HLS
Lagrangian consists of three components:
LLOHLSσ = Ld=4HLSσ;inv + Ld>4HLSσ ;anom + Ld<4HLSσ;mass, (31)
with
Ld=4HLSσ;inv = f2pih1
(
χ
fσ
)2
Tr[aˆ⊥µaˆ
µ
⊥] + af
2
pih2
(
χ
fσ
)2
Tr[aˆ‖µaˆ
µ
‖ ]−
1
2g2
h3Tr[VµνV
µν ] +
1
2
h4∂µχ∂
µχ+ h5
(
χ
fσ
)4
,(32a)
Ld>4HLSσ;anom = f2pi(1− h1)
(
χ
fσ
)2+β′
Tr[aˆ⊥µaˆ
µ
⊥] + (1− h2)af2pi
(
χ
fσ
)2+β′
Tr[aˆ‖µaˆ
µ
‖ ]
− 1
2g2
(1− h3)
(
χ
fσ
)β′
Tr[VµνV
µν ] +
1
2
(1− h4)
(
χ
fσ
)β′
∂µχ∂
µχ+ h6
(
χ
fσ
)4+β′
, (32b)
Ld<4HLSσ;mass =
f2pi
4
(
χ
fσ
)3−γm
Tr
(
Mˆ+ Mˆ†
)
. (32c)
To construct the NLO HLSσ one should include all
the possible operators expressed in terms of the macro-
scopic degrees of freedom in the effective theory repre-
senting ∆αs in the expansion of γm and β
′. For the HLS
with [SU(3)]HLS, the following chiral-scale dimension-two
HLS-invariant quantities are needed:
Tr(aˆ⊥µaˆ
µ
⊥); Tr(aˆ‖µaˆ
µ
‖ );
1
2g2
Tr(VµνV
µν);
∂µχ∂
µχ; Tr
(
Mˆ+ Mˆ†
)
. (33)
From this discussion, one can easily arrive at the NLO
HLSσ following the approach used in χPTσ. We will not
write the explicit form here.
In the LO HLSσ (31), except for the parameter a which
comes out to be a = 2 from the vector meson dominance,
the KSRF relation and the pion decay constant fpi, there
are nine parameters fσ, β
′, γm and hi(i = 1, · · · , 6). In
the C-T scheme, the σ decay constant fσ is taken as
fσ ≃ 100 MeV. Using the three relations, the minimiza-
tion of the potential, the σ mass and the σ → pipi de-
cay, calculated in the χPTσ approach, we can reduce
the number of the free parameters to five, β′, γm, c2, c3
and c4. The parameters c2 and c3 can be estimated or
constrained with the processes that involve the vector
mesons, such as K∗.
IV. SCALE-INVARIANT HIDDEN LOCAL
SYMMETRY WITH BARYON OCTET: bsHLS
We next turn to the dilaton compensated baryonic
chiral perturbation theory including the vector mesons
through hidden local symmetry, bsHLS. In our proce-
dure, we first write down baryonic chiral perturbation
theory with HLS, denoted bHLS, with the minimal num-
ber of derivatives and, then, couple the dilaton to it by
means of the conformal compensator. We then make a
heavy-baryon expansion of bsHLS to construct the dila-
tonic heavy-baryon chiral perturbation with hidden local
symmetry, hbsHLS. This would give a well-defined power
counting rule. In our construction, the symmetry pattern
8involved is [SU(3)L×SU(3)R]chiral× [SU(3)]HLS. An ex-
tension to other symmetry patterns is straightforward.
In the present work, we consider the octet baryon in
the ground state with quantum numbers 12
+
:
B(x) =


1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− − 1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 − 2√
6
Λ

 ,
(34)
Under HLS, B(x) transforms as
B(x)→ h(x)B(x)h†(x), (35)
i.e., in the adjoint representation of [SU(3)]HLS.
In the construction, we use the canonical dimension
of the baryon field, i.e., under scale transformation, it
transforms as
B(x)→ λ3/2B(λ−1x). (36)
After specifying the HLS and scale transformation
properties of baryon field B, we are ready to write down
the effective theory. Similarly to the mesonic case, the
baryonic Lagrangian, at the leading order, includes the
scale-invariant part and the trace anomaly part. It
should be noted that, at leading order, there are no d < 4
terms, because the light quark mass is counted as O(p2)
in χPT. The Lagrangian is written as
LbsHLS = Ld=4bsHLS;inv + Ld>4bsHLS;anom, (37)
with
LLO;d=4bsHLS;inv = g1Tr
(
B¯iγµD
µB
)− ˜˚mB χ
fσ
Tr
(
B¯B
)− g˜A1Tr (B¯γµγ5 {αˆµ⊥, B})
− g˜A2Tr
(
B¯γµγ5 [αˆ
µ
⊥, B]
)
+ g˜V1Tr
(
B¯γµ
{
αˆµ‖ , B
})
+ g˜V2Tr
(
B¯γµ
[
αˆµ‖ , B
])
, (38a)
LLO;d>4bsHLS;anom =
[
(1− g1)Tr
(
B¯iγµD
µB
)− (m˚B − ˜˚mB) χ
fσ
Tr
(
B¯B
)− (gA1 − g˜A1)Tr (B¯γµγ5 {αˆµ⊥, B})
− (gA2 − g˜A2)Tr
(
B¯γµγ5 [αˆ
µ
⊥, B]
)
+ (gV1 − g˜V1)Tr
(
B¯γµ
{
αˆµ‖ , B
})
+ (gV2 − g˜V2)Tr
(
B¯γµ
[
αˆµ‖ , B
]) ]( χ
fσ
)β′
, (38b)
where m˚B and ˜˚mB account for the baryon mass in the
chiral limit, all the coupling constants are dimensionless
and the covariant derivative is defined as
DµB = ∂µB − i [V µ, B] . (39)
Note that, because of the conservation of the vector
current of baryon, there is no term Tr
(
B¯γµ∂
µχB
)
in
Eq. (38a), hence no term Tr
(
B¯γµ∂
µχB
)
(χ/fσ)
β in
Eq. (38b).
In LbsHLS, both m˚B and ˜˚mB are taken as scale invari-
ant quantities, so we couple the dilaton to the baryon
mass term in terms of the conformal compensator to
make the term ˜˚mB(χ/fσ)Tr
(
B¯B
)
in Eq. (38a) scale-
invariant. It should be noted that there is an ambigu-
ity in the meaning of the baryon mass in the chiral limit
when a dilaton is present a` la C-T. This is because in the
C-T theory, the quark condensate and the dilaton con-
densate are locked to each other. This means that in the
chiral limit, m˚B remains as is but the fluctuating dilaton
field couples to the baryon as gσBBψ¯ψ.
As is well known, the chiral counting in chiral La-
grangian including baryon is subtle because of the large
baryon mass in the chiral limit. Therefore, a heavy-
baryon formulation should be set up [28, 29]. To formu-
late the Lagrangian (37) in terms of heavy-baryon mass
expansion, let us consider the terms contributing to the
baryon mass in (37):
LmassbsHLS =
[
˜˚mB
χ
fσ
+ (m˚B − ˜˚mB) χ
fσ
(
χ
fσ
)β′]
Tr
(
B¯B
)
.
(40)
From this term, one can easily see that, after spontaneous
breaking of scale symmetry, i.e., 〈χ〉 = fσ, the baryon
mass becomes m˚B. For making heavy baryon mass m˚B
expansion, we first consider a small β′, such that
LmassbsHLS =
[
m˚B + (m˚B − ˜˚mB)
∞∑
n=1
1
n!
(β′Σ)n
]
χ
fσ
Tr
(
B¯B
)
.
(41)
We further expand the dilaton field χ around its vacuum
expectation value. Then LmassbsHLS is expressed as
LmassbsHLS = m˚BTr
(
B¯B
)
+ m˚B
∞∑
m=1
1
m!
ΣmTr
(
B¯B
)
+ (m˚B − ˜˚mB)
∞∑
n=1
1
n!
(β′Σ)n
×
(
1 +
∞∑
m=1
1
m!
Σm
)
Tr
(
B¯B
)
.(42)
9In this Lagrangian, the first term is the baryon mass
term in the chiral limit while the other terms are the
σnB¯B (n = 1, 2, · · · ) interaction terms. For example, the
σ-B-B coupling is written as
gσBB = m˚B
1
fσ
+ (m˚B − ˜˚mB)β′ 1
fσ
, (43)
which, after removing the explicit scale symmetry break-
ing by setting β′ = 0, is the Goldberger-Trieman type
relation [30] in the dilaton sector in the chiral limit.
To finalize the heavy-baryon expansion, we should set
up the chiral-scale counting of the interaction terms.
Since the dilaton couples to baryons nonderivatively, one
cannot do the usual power counting as with the deriva-
tive in pion-nucleon coupling. In the present work, in
the absence of first-principle guidance, we establish the
power counting using a numerical estimation. If we take
the nucleon mass in the chiral limit m˚B ≃ 900 MeV [31],
by taking fσ ≃ fpi, we obtain gσBB ≃ 10 which is close
to gpiNN = 13 [32]. This suggests that the other terms
in (42) could be considered as of chiral-scale order O(p).
That is, in terms of the compensator χ
m˚B
(
χ
fσ
− 1
)
+ (m˚B − ˜˚mB)
[(
χ
fσ
)β′
− 1
]
χ
fσ
∼ O(p),
(44)
in which the NGB σ appears in the similar fashion as the
pion in U(x). Once the chiral-scale counting discussed
here is accepted, the heavy-baryon formalism of bsHLS
can be derived straightforwardly.
V. DISCUSSION AND PERSPECTIVE
In this paper, we constructed by means of the C-T
approach the dilatonic chiral effective theories for pseu-
doscalar mesons, vector mesons and octet baryons by us-
ing the conformal compensator. The basic premise in this
– and forthcoming work – is that although it may not
make sense or be feasible to reach precisely the IR fixed
point which would require turning off the trace anomaly,
it makes sense to fluctuate close to it with the departure
from it taken as a small parameter, in a way analogous
to the axial anomaly or the vector manifestation fixed
point of HLS. The crucial aspect of the approach is that
the dilaton generically satisfies soft-dilaton theorems in
a manner closely parallel to soft-pion theorems and it
renders the leading-order calculations as made in [8, 13]
trustworthy.
The present construction of the bsHLS Lagrangian can
be extended in a straightforward way to include the
parity-doublet structure of baryons [3, 33] with the trans-
formation of baryons given by Refs. [34]. We relegate the
details to a future publication.
The chiral-scalar effective theory discussed here can be
used in the study of dense matter physics for verifying the
validity of, and going beyond, the mean-field-based anal-
ysis given in [8, 13]. The possibility that scale symmetry
can emerge in dense matter with f∗σ going to zero in the
dilaton-limit fixed point even if β′ 6= 0 as discussed in
[7] could be explored in this formalism in a manner sim-
ilar to the two-flavor chiral perturbation approach χPT2
and the RG approach based on χPTσ for compact-star
properties as discussed in [22]. In Refs. [6, 35], it has
been shown by using a chiral-scale Lagrangian with the
log-type potential (12) that the dilaton suppresses the
baryon mass and restores the scale symmetry at high
density with f∗σ → 0. In the present construction, the
explicit scale symmetry can be taken into account by the
deviation from the IR fixed point αIR which gives the La-
grangian used in Refs. [6, 35] at the leading order of small
β′, so we believe the present Lagrangian can yield a result
closer to nature. Moreover, since the present chiral-scale
effective theory is constructed with three flavors, it can
provide a systematic way to study effects of strangeness
in nuclear matter which has hitherto not been feasible in
a consistent way.
At first sight it may look like a highly daunting task
to make predictions with a higher-order χPTσ, given the
exploding number of parameters in the Lagrangian, be-
yond the leading order in the given scale-chiral counting.
However this may be too pessimistic. For instance what
happens in HLS for vector mesons indicates that with an
astuteness and insight one should be able to control the
parameters. In HLS, if one goes beyond O(p2), the num-
ber of parameters also explodes, but it has been found
that a chiral perturbation calculation with HLS can be
efficiently done [11] and furthermore at orderO(p2), some
remarkable things – such as the KSRF relation, the vec-
tor dominance etc. – are obtained [11, 36]. In a similar
vein, it seems feasible to gain access to certain processes
in nuclear dynamics that cannot be accessed without
light scalar degrees of freedom, the most famous exam-
ple being the indispensable scalar attraction in nuclear
potentials, in relativistic mean field theory etc. How the
dilaton enters in the scheme is similar to the way pseud-
scalar pNG mass enters in χPT3 and in the present case,
more selectively in the process where the scalar quantum
numbers are involved. Using the dilaton mass as the im-
print of the scale symmetry explicit breaking, one should
be able to do a systematic calculation of dilaton-involved
nuclear processes.
In addition to nuclear dynamics under extreme condi-
tions that we are primarily interested in, as pointed out
before, the presence of an IR fixed point with certain
properties, such as low-energy theorems, analogous to
what we encounter in dense baryonic matter plays an im-
portant role in strongly coupled systems which are intrin-
sically different from QCD matters, an intriguing recent
development being certain technicolor theories purported
to go beyond the Standard Model in particle physics[12].
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Appendix A: Comparison between the C-T and G-S
approaches
Wemake a brief comparison between the C-T approach
and an approach proposed in Ref. [10] (G-S approach),
both anchored on an IR fixed point. To the leading or-
der in chiral-scale counting, we expect them to give the
same results in nuclear physics although the mechanism
leading to the IR fixed point is quite different. Whether
they differ at higher orders is not obvious and will have
to be worked out.
In the G-S approach, the IR fixed point involves three
limits: the chiral limit, the Veneziano limit and the nf →
n∗f limit with nf = Nf/Nc where n
∗
f is the lowest nf for
a confined theory. The effective field theory in the scale
symmetry broken phase is expanded in terms of the three
small parameters: the quark mass (pseudo-NG mass),
1/Nc and ∆nf ≡ nf −n∗f . All these three parameters are
counted as O(p2) in the usual power counting.
The G-S Lagrangian at the leading order is [10]
LLO;G−SχPT = LGSpi + LGSτ + LGSm + LGSd , (A1)
with
LGSpi =
f2pi
4
Vpi(σ − τ)
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
, (A2a)
LGSτ =
f2σ
2
Vσ(σ − τ) (∂µχ∂µχ) , (A2b)
LGSm =
f2pi
4
VM (σ − τ)
(
χ
fσ
)3−γm
Tr
(M†U + hc) ,(A2c)
LGSd =
(
χ
fσ
)4
Vd(σ − τ). (A2d)
Note that we have changed the notation of Ref. [10] to
that we used in the present paper. Here V ’s are arbi-
trary functionals of (σ − τ) and τ stands for the spurion
field for the source that transforms as does the dilaton
σ. Since under scale transformation, the transformation
of the argument σ in VI , (I = pi, σ,M, d), is cancelled by
that of τ , VI are scale-invariant. The trace anomaly, i.e.,
explicit breaking of scale symmetry, is generated when
the external source is turned off.
To make a systematic expansion, one expands the po-
tential VI terms of the argument σ − τ
VI =
∞∑
n=0
cI,n
n!
(τ − σ)n, (A3)
and then makes explicit the dependence on (nf − n∗f )n
by expanding cI,n as
cI,n =
∞∑
k=0
c˜I,nk(nf − n∗f )k. (A4)
The low-energy coefficients cI,nk are then endowed with
the power counting [10]
cI,nk ∼
{
0, k < n;
O(δn), k ≥ n. , (A5)
where O(δ) ∼ O(p2). Therefore, in contrast to the ordi-
nary chiral perturbation theory in which the low-energy
constants do not carry any chiral dimension, the coeffi-
cients of the scale-invariant potentials carry power count-
ing. This is the same in the C-T approach.
For the leading order Lagrangian, we can choose Vpi =
Vτ = VM = 1 by definition. Neglecting the source τ , we
then have
L(δ)pi =
f2pi
4
(
χ
fσ
)2
Tr
(
∂µU∂
µU †
)
, (A6a)
L(δ)τ =
f2τ
2
(∂µχ∂
µχ) , (A6b)
L(δ)m =
f2pi
4
(
χ
fσ
)3−γm
Tr
(M†U + U †M) , (A6c)
L(δ)d =
(
χ
fσ
)4(
c0 + c1 ln
χ
fσ
)
, (A6d)
where, for convenience, we have written σ as lnχ/fσ.
By using the saddle-point condition, the dilaton po-
tential with lower bound is written as
L˜(δ)d = − c
(
χ
fσ
)4(
ln
χ
fσ
− 1
4
)
. (A7)
Since the positive parameter c is related to the dilaton
mass as c = m2σf
2
σ/4, one concludes that the dilaton po-
tential (A7) in the G-S approach is that same as (12) in
the C-T approach. In addition, the relation c = m2σf
2
σ/4
indicates that the coefficient of the dilaton potential in
the G-S approach is of O(p2) which is the same as in the
C-T approach up to O(β′).
From (A6a) we find that in the G-S approach in the
chiral limit, the σpipi coupling is given by
LG−Sσpipi =
1
fσ
σ|∂pi|2, (A8)
which yields gσpipi = − m2σ/fσ for an on-shell dilaton.
On the other hand, in the C-T approach, gσpipi = − (2 +
(1 − c1)β′)m2σ/(2fσ). Thus there is a slight difference
in how the explicit symmetry breaking figures in the σ
coupling. This will apply at higher orders – and multi-
dilaton interactions – with the σ entering in the Feynman
diagrams.
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